Abstract Basic requirement for applying isoparametric element is that the element has to be convex and no violent distortion is allowed. In this paper, a cubic quadrilateral spline element with 12 nodes has been developed using the triangular area coordinates and the B-net method, which can exactly model the cubic field for quadrilateral element with both convex and concave shapes. Neither mapping nor coordinate transformation is required and the spline element can obtain high accuracy solutions and insensitive to mesh distortions. c 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1303103] Keywords spline finite element, B-net method, quadrilateral element, concave quadrangle Isoparametric quadrilateral elements are common in the finite element method (FEM) and used widely. A basic requirement for using isoparametric element is that the element has to be convex and no violent distortion is allowed. Based on this requirement, one can guarantee a one-to-one coordinate correspondence between the physical and natural coordinates associated with the element. To prevent the occurrence of severely distorted elements in numerical implementation, one should always check the positivity of the determinant of the Jacobian matrix. Additionally, Gauss quadrature is a common approach used in the numerical integration of Galerkin weak form. Besides the complexity in implementation, the computational cost is increased due to the quadrature rule required in problem with high-order approximated function.
Isoparametric quadrilateral elements are common in the finite element method (FEM) and used widely. A basic requirement for using isoparametric element is that the element has to be convex and no violent distortion is allowed. Based on this requirement, one can guarantee a one-to-one coordinate correspondence between the physical and natural coordinates associated with the element. To prevent the occurrence of severely distorted elements in numerical implementation, one should always check the positivity of the determinant of the Jacobian matrix. Additionally, Gauss quadrature is a common approach used in the numerical integration of Galerkin weak form. Besides the complexity in implementation, the computational cost is increased due to the quadrature rule required in problem with high-order approximated function.
1
The two Serendipity elements Q8 and Q12 only possess the first order completeness in the Cartesian coordinates, though they have some higher order terms of the isoparametric coordinates.
2 Many researchers made a great effort to improve the performance of the Serendipity elements. Chen et al. 3 presented the refined nonconforming element method. Cen et al. 4 ,5 constructed several quadrilateral elements using quadrilateral area coordinates. Liu et al. 6, 7 proposed smoothed finite element method (SFEM) through the combination of the conventional FEM technology and the strain smoothing technique. Rajendran et al. 8, 9 proposed the unsymmetric interpolation element method to avoiding mesh distortion. Recently, Cen et al.
10,11 developed several 8-and 12-node plane quadrilateral hybrid stress-function elements based on the principle of the minimum complementary energy. Even when the element shapes degenerate into a triangle and a concave quadrangle, these elements still work quite well.
By using the spline method, 12 Li et al. 13 presented a family of spline elements for convex quadrilaterals, including a 12-node cubic element possessing the third order completeness in the Cartesian coordinates. The a) Corresponding author. Email: chongjun@dlut.edu.cn.
12-spline interpolation bases were given in the B-net form by the Bézier coefficients corresponding to 25 domain points. In this paper, we construct a new 12-node element with concave shapes and 16 domain points which can also exactly model the cubic field. The same method has been used to construct two 8-node nonconvex quadrilateral elements.
14 Similarly, since neither mapping nor coordinate transformation is required, Jacobian matrix and its inverse are not evaluated.
A quadrangle with four nodes P 1 , P 2 , P 3 , P 4 is divided into two subtriangles 1, 2 by connecting one interior diagonal, as shown in Fig. 1(a) . If it is a concave quadrangle, only one diagonal lies in the quadrangle, such as P 1 P 3 in Fig. 1 
where
Consider a bivariate cubic spline space defined on 1, 2, the spline function is defined by the piecewise cubic polynomials. By the B-net method, 13,15 the condition for C 1 continuity along the diagonal P 1 P 3 is
It is clear that the three equations are linear independent. Hence, for the 16 unknown b 1 , b 2 , . . . , b 16 the dimension of the solution space of the three equations is 13. In order to obtain 12 spline bases corresponding to the 12 nodes P 1 , P 2 , . . . , P 12 , we consider the two cubic polynomials on 1, 2 are C 2 continuous at the point P 1 or P 3 respectively, then take the mean values. So we can obtain the Bézier coefficients matrix of the 12 bases as ⎛
. . .
where I is the identity matrix of order 12. Using every vector b (i) as the Bézier coefficients respectively, one can define 12 cubic splines L i (i = 1, 2, · · · , 12). Then we get another set of bases interpolating at nodes P 1 , P 2 , . . . , P 12 by a simple linear transformation as
By the B-net method, it is easy to verify that
We use L12-I to denote the element with N 1 (x, y), N 2 (x, y), . . . , N 12 (x, y) as shape functions. The stress is C 0 continuous within the element because of the C 1 continuous character of spline bases on the diagonal of the quadrangle. The following theorem shows that L12-I possesses the third order completeness in the Cartesian coordinates.
Theorem 1 Letting D as an arbitrary quadrilateral domain P 1 P 2 P 3 P 4 , the spline interpolation bases  N 1 , N 2 , . . . , N 12 can be defined by the Bézier coefficients in Eq. (3) as
then for any cubic polynomial in the space of polynomials of degree at most 3, f (x, y) ∈ P 3 , we have
In comparison with the 12-node element L12 with 4 subtraingles and 13 interior domain points in Ref. 13 , the new element L12-I is only corresponding with 2 subtraingles and 4 interior domain point. Thus the computation cost can be reduced. Example 1 Patch test. As shown in Fig. 2 , a small patch is broken into several arbitrary elements. Linear bending problem for cubic elements with sensitivity test for mesh distortion.
A displacements of degree 3 is arbitrarily chosen as
By computation, the numerical results show that the element L12-I possess the third order completeness for both convex and concave quadrilateral elements. Example 2 Linear bending problem. The linear bending-moment problem described in Fig. 3(a) and Fig. 3(b) has been presented in Ref. 2 to evaluate the elements that have complete polynomial basis function of at least degree 3. Let L = 10, c = 2, and e varies from 0 to 4.99. As depicted in Table 1 , Q12 is affected by angular distortions. L12 and L12-I are insensitive to mesh distortions and the numerical results always accurately (Fig. 3) . e = 0 e = 1 e = 2 e = 3 e = 4 e = 4.99 Q12 satisfy the following cubic displacement fields
Example 3 Test of shear load sensitivity. Figure 4 shows the mesh with e varying from 0 to 4.5. The numerical results of the deflection at a selected location are shown in Table 2 . Note that the results by the two spline elements have higher precision though the exact displacement fields are not cubic polynomials. The isoparametric element Q12 is affected by the distortions greatly.
A new 12-node quadrilateral elements is constructed using the triangular area coordinates and the B-net method by dividing the quadrangle into two subtriangles. The element is conforming and (1) interpolate nodal data; (2) can exactly model the cubic field in the Cartesian coordinates; (3) perform well for both convex and concave quadrilateral elements, and are insensitive to mesh distortions. Table 2 . The deflection at a selected location A for shear problem with e varying (Fig. 4) . e = 0 e = 1 e = 2 e = 3 e = 4 e = 4.5 Q12 
